We implement a quantum walk in phase space with a new mechanism based on the superconducting resonator-assisted double quantum dots. By analyzing the hybrid system, we obtain the necessary factors of realization of a quantum walk in phase space: the walker, coin, coin flipping and conditional phase shift. In order to implement the coin flipping operator, we add a driving field to the resonator. The interaction between the quantum dots and resonator field is used to implement conditional phase shift. Furthermore, we show with different driving fields the quantum walk in phase space exhibits a ballistic behavior over 25 steps and numerically analyze the factors which influence the spreading of the walker in phase space.
I. INTRODUCTION
Quantum walk (QW) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] is appealing as an intuitively model in quantum computing and quantum algorithms [11] [12] [13] [14] . Because it exponentially speeds up the hitting time in glued tree graphs. Furthermore, QW offers a quadratic gain over classical algorithms on account of the diffusion spread (standard deviation), which is proportional to elapsed time t, rather than √ t for the classical random walk (RW) [15, 16] . Thus, the conception of physical implementation of QW has become important and attract more and more attention. Although realizations of QWs have been proposed in different systems such as trapped ions [17] [18] [19] , photons [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , nuclear magnetic resonance [31, 32] etc., the solid state systems are attractive because of the stability and expected scalability.
Recently, quantum computing with quantum dots has made a huge progress [33] [34] [35] [36] [37] [38] [39] [40] , and the technique for coupling electrons associated with semiconductor doubledot molecule to a microwave stripline resonator has become more and more matured. Here we make use of the technology and propose the implementation of a onedimensional QW in phase space with superconducting resonator-assisted quantum double-dot. The walker is presented by a coplanar transmission line resonator with a single mode and a two-level system-one electron shared by double dots via tunneling serves as the quantum coin.
In our scheme the QW is executed with indirect flipping of the coin via directly driving the resonator and allows controllable decoherence over circles in phase * Electronic address: gnep.eux@gamil.com space (PS) for observing the transition between QW and RW [41] [42] [43] . In next section we give a brief introduction of the QW in PS. In Sec. III, we implement QW via realizing the walker, coin, coin flipping and conditional phase shift. In addition to the numerical analysis under the different driving fields, we we observe the ballistic behavior of QW in PS and the QW-RW transmission with the influence of decoherence introduced by the shift operation in the position space.
II. BRIEF INTRODUCTION OF QW IN PS
Similar to the QW on a line in position space in which the walker moves towards left or right based on the coin state, for QW on circle in PS, the walker rotates either clockwise or counter-clockwise along the circle in PS by the same amount, say an angle ∆θ, with the choice of ±∆θ strictly random through the impulse, which is applied by a harmonic oscillator.
In an ideal QW on a circle, the coin is replaced by a two-level system with internal states |0 and |1 . Here we introduce the finite-dimensional orthogonal phase state representation [44] 
where |n is the Fock state. If the step size ∆θ = 2π/d, d ∈ N , then the walker always remains on the circle with angular lattice spacing ∆θ. The walker walks in PS with a state |θ k which can be decomposed into the phase states. We introduce the rotation operator R m = e inθm , m ∈ Z, then we haveR m |θ k = |θ k+m . We choose the Hadamard operator
as the coin flipping operator and the unitary operation of one step of the QW in PS is given by
with the number operator on the walker state n = a † a, a † and a are the creation and annihilation operators, respectively. σ z = 1 0 0 −1 is one of the Pauli operators applied on the coin. We define the initial state of walker+coin system as
where |ϕ 0 is the initial coin state. After N steps, the system evolves to
The walker's phase distribution on a circle is
with d equally spaced values of θ = θ k and ρ w = Tr c |φ N φ N | is the reduced density matrix of the walker after tracing out the coin. The standard deviation of the phase distribution satisfies, σ, which is the symbol of the spreading of the QW, is linear on time t. Therefore, in sufficiently short time, the relation between phase spreading with time on a circle is a power law and satisfies [42] ln σ = ζ ln t + ξ, (2.7)
with ζ = 1 for the QW and ζ = 1/2 for the RW.
III. PHYSICAL IMPLEMENTATION OF QW A. Quantum coin and walker
Circuit Quantum Electrodynamics (QED) is a device which studies the interaction between quantum particles and the quantized electromagnetic modes inside a resonator. In this paper we consider a hybrid QED system of superconducting resonator-assisted quantum doubledot shown in Fig. 1a . One of the dots is capacitively coupled to the resonator, and an electron shared by two adjacent dots coupled via tunneling. The double dots can be modeled as a double-well potential shown in Fig.  1b . Generally, we add an external magnetic field along the axis z to the double dots, which the modest B z is 100mT [45] . Based on the external magnetic field, there exists an energy difference between the two potentials and the electron can tunnel between the two quantum dots. We define the basis of qubits |0 for the electron appearing in the left dot and |1 for the electron in the right dot. From Fig. 1b we see the energy difference, namely energy cost which moves the electron from the right dot to the left, between the states |0 and |1 is ∆ = T , where T is the rate of electron tunneling in the different dots. After adding the magnetic field to the quantum dots, the double-well potential forms a circuit [46] . We just consider one circumstance whether the electron locates in left dot or right, the Hamiltonian describing the circuit is given bŷ
1) where E c = e 2 /2C tot is the charge energy, C tot = C g +C J is the total capacitance in the circuit, C J is the Josephson capacitance and C g is voltage biased from a lead hav-ing capacitance to the circuit. N g = C g V g /2e is the gate charge which stands for the total polarization charge. Restricting the gate charge to the range N g ∈ [0, 1] by using the voltage V g , the Hamiltonian in Eq. (3.1) is rewritten asĤ
So far, we show the Hamiltonian of the double-well potential. From Eq. (3.2) we see the double-well potential presenting the double-dot system with effective electric fields along the x and z directions, and the system with internal states |0 and |1 can be used as a two-level quantum coin. Now we consider the circuit QED of double dots coupled to a superconducting resonator. The dots are located in the center of the resonator. If the oscillator mode of the resonator is coupled to the doubledot, by using the coordinate system transformation R = cos θ − sin θ sin θ cos θ , and choosing 2N g = 1, θ = π/2, the Hamiltonian of the interacting qubit and resonator system with the rotating wave approximation takes the form
where ω c is the frequency of the resonator, Ω = In our hybrid system, the walker can be represented by the phase state of the single mode of the resonator and the coin is the two-level energy system. To implement the coin flipping operator, a microwave time-dependent driving field is applied to the circuit QED system with the formĤ
where ω d is the frequency of driving field. It is easy to let ε(t) to be a square wave, so ε is a constant when the field is turned on, while it is zero when the field is off. The Hamiltonian of the hybrid system, containing the driving field, isĤ
In the dispersive regime, 
The free evolution exp(−iĤ eff t) (3.8) continues even when the driving field is off (ε = 0).
The evolution of the hybrid system is described by the effective Hamiltonian. The first term on the right-hand side in Eq. (3.7) contains a † aσ z , which proves an interrelated relationship between the walker and coin, and makes the walker to evolve along clockwise or counterclockwise at the same constant angle with the orientation based on the state of the coin. The second and third terms involve the operators σ z and a † a, which represent the hence frequency of walker and the energies for the coin, respectively. The fourth term, contains σ x , it can translate into the Hadamard coin flip by choosing a suitable pulse time. The coefficient is proportional to the Rabi frequency. The last term is the displacement in the position space and pushes the walker off the circle in PS. Thus it also causes the decoherence in the QW in PS.
IV. NUMERICAL ANALYSIS
Now all the factors that implementation of QW needs are fulfilled. To make the the scheme working, the value of constant coefficient ε in last term in Eq. (3.7) which brings the displacement in PS must be kept very small. Nevertheless, the Rabi frequency Ω 2 is proportional to the pulsed driving field ε, so, however small ε it is, we can choose a suitable pulse time to translate the σ x into Hadamard coin flip.
We choose the initial coin state as
the initial field in the resonator as coherent state
and access to the review, realistic system parameters are [50, 51] (Ω, ω c , g)/2π = (0.7, 0.5, 0.01)GHz.
By choosing the coherent state |α = 3 and different ε, we show the probability distribution of the walker in PS at the 4th step with step size ∆θ = 0.3 (Fig.  2) . The purple line represents the circumstances with ε = 0.01GHz, whereas, the red line stands for the circumstances with ε = 0.012GHz. From Fig. 2 we see the peak probabilities with ε = 0.012GHz is smaller than it with ε = 0.01GHz because the evolution of the last term in Eq. (3.7) provides a displacement operator in position space and pushes the walker off the circle in PS. Apart from this, the rate of probability on the position θ = 0.01GHz in the three main peaks with ε = 0.012GHz is higher than it with ε = 0.01GHz, that is to say, the decoherence drives the probability to the origin position, makes the distribution to Gaussian distribution. These can be regarded as the decoherence on the walker in PS and with decoherence increasing we can observe the QW-RW transmission.
In Fig. 3a , we show the ln-ln plot of the standard deviation of the probability distribution of the walker in PS with step size ∆θ = 0.3 only even steps without losing generation, the purple, red, blue, green dots represent the standard deviation of the phase distribution of QW in PS with different ε = (0.01, 0.012, 0.015, 0.018)GHz, respectively. With the step number increasing, the wave function of the walker meets itself on the circle in PS after 15 steps. Thus after 15 steps, the curve of the ln-ln plot of standard deviation v.s. the step number drops down. This shows difference from the QW on the line, though for the first few steps QWs on both circle and line show the ballistic behavior as expected. Overall, the slope of the points becomes small with increasing of the constant ε. To realize the discipline more intuitively, we cut out the standard deviation after 6, 8, and 10 steps and connect the points into line of whole circumstances (Fig. 3b) . The figure shows the slopes of the line ς which is made up by the purple, red, blue, green dots are about 1, 0.89, 0.64, 0.53 respectively. Using Eq. (2.7) as a reference, the slop is 1 for QW and 0.5 for RW, different slopes of the ln-ln plots show the different behavior of the walker on circle in PS with different level of decoherence. The decoherence is introduced by the driving field which leads the walker to move in position space too. For QW in PS, it is equivalent to decoherence. With the strength of the driving field increasing the decoherence increases. Hence with decoherence increasing we see the QW-RW transition. With the increasing of the value of ε, the trend QW changes to RW is more obviously. So, in order to keep the more prominent properties of QW, ε must be small enough.
V. CONCLUSION
We show how a quantum walk in PS can be implemented in a quantum quincunx created through superconducting resonator-assisted quantum double dots and how interpolation from a quantum to a random walk is implemented by controllable decoherence introduced by the displacement of the walker in position space. Our scheme shows how a QW with just one walker can be implemented in a realistic system. The coin flipping operation is implemented by driving the resonator directly, and at the same time the driving field also introduces the displacement of the walker in position space and pushes the walker off the circle in PS. Thus the displacement in position space is equivalent to decoherence on the walker in PS which is controlled by the strength of the driving field. With the strength of the driving field increasing the decoherence increases and we observe the QW-RW transition.
Although in our paper we make use of the decoherence introduced by the driving field to show the transition from QW to RW, which is one of the main points of our paper, for most of applications of QW it requires quadratic enhancement of walker spreading. The decoherence led by the driving field can be compensated with the method in [42] . The displacement of the walker in position space pushes the walker off the circle in PS by changing the mean photon number of the resonator field. Hence we can adjust the pulse duration each time according to the predicted mean photon number to compensate the effect due to the displacement and obtain a perfect QW in PS.
